The role of distance-dependent anisotropic reactivity and molecular geometry in the vicinity of localized reaction centers in influencing the rate of bimolecular diffusion-controlled reactions is analyzed in detail, both analytically and numerically. The effect of local molecular shape is considered within the model of reflective hemispheres of small radius l h on the surfaces of otherwise spherical molecules of radius R (l h Ͻ Ͻ R). The distance-dependent reactivity is modeled by reactive hemispheres of radius l r on top of the reflective hemispheres (l r Ͻ Ͻ R). It is shown that the presence of the reflective hemispheres leads to a markedly large increase of the reaction rate. The maximum effect is ϳR/l h Ͼ Ͼ 1 times, as described by the ratio of local to average molecular curvature. It is observed for l h Ϸ R(l r /R) 1/2 Ͼ Ͼ l r . The effect of thickness of the reaction regions is described within the model of reactive cylinders of height l r and angular radius Ͻ Ͻ 1. It is shown that the characteristic parameter in the expansion of the reaction rate as a function of l r /R is l r /(R 2 ), and therefore, even for small relative thickness d ϭ l r /, its effect on the rate is very strong, i.e., the conventional model of reactive patches, which assumes zero thickness of the reaction region, may considerably underestimate the reaction rate.
INTRODUCTION
The anisotropy of reactivity and interaction is an important property of molecules, especially those of large size: organic molecules, macromolecules, biomolecules, etc. It is known to strongly influence the kinetics of diffusion-controlled bimolecular reactions in liquids (McCammon, 1984) . The effect of anisotropy is typically described in terms of the so-called steric factor f, which relates the observed reaction rate constant K to the one for isotropic molecules of the same size. The role of diffusion turns out to be rather nontrivial and manifests itself in a considerable enhancement of the reaction rate as compared to the rate estimated on the basis of simple geometrical arguments by taking f to be the ratio of the reactive part of the molecule to its full surface.
A number of different models have been formulated to describe the effect of anisotropy. The most popular one is the model of reactive patches (MRP) Stockmayer, 1971, 1973; Schmitz and Schurr, 1972; Schurr and Schmitz, 1976; Shoup et al., 1981; Northrup et al., 1984; Temkin and Yakobson, 1984; Berg, 1985; Lee and Karplus, 1987; Zhou, 1993; Traytak, 1994 Traytak, , 1995 Zhou and Szabo, 1996a, 1996b) , in which the reaction is assumed to occur whenever the circular reactive patches of zero thickness on the surfaces of the reacting molecules touch each other. The MRP, however, is not quite realistic, in a sense that it does not take into account the thickness of the reaction region, usually implied in any realistic (distance-dependent) mechanism of reactiv-ity and interaction. More realistic in this sense is the model of reactive hemispheres (MRH), recently proposed and analyzed in detail by one of us (Shushin, 1986 (Shushin, , 1988a (Shushin, ,b, 1999 (Shushin, , 2000 . This model suggests the onset of the reaction upon overlapping of the hemispherical reaction regions whose centers, called the reactive centers (RCs), are located on the surfaces of molecules. The MRH was shown to predict the reaction rates much larger than those for the MRP with the same characteristic size of the reaction regions.
A detailed comparative study of the MRP and the MRH has been performed by using the method of local analysis, in the practically most interesting limit of strong anisotropy, where the size of the reaction region is much smaller than the size(s) of the molecule(s) (Shushin, 1986 (Shushin, , 1988a (Shushin, ,b, 1999 (Shushin, , 2000 Barzykin and Shushin, 2001) . The method is based on a simple observation that, in this limit, the reactive flux is determined by the specific features of relative motion of the molecules in the vicinity of reactive orientations, where the original curvilinear coordinates describing relative position of the pair of molecules can be approximated by the Cartesian ones. The study demonstrated a significant difference in the predictions of the MRP and the MRH for the reaction rate. It also revealed a strong dependence of both the MRP-and the MRH-reaction rates on the local (near RCs) specific features of molecular shape. Even relatively small deviation of the shape from spherical can lead to a fairly strong change in the reaction rate.
In this work, we investigate in detail the role of local molecular shape in the vicinity of the reaction region and the shape of the reaction region itself in influencing the rate of bimolecular diffusion-controlled reactions in the case where both reacting molecules are anisotropic. Both reactants are chosen to be anisotropic because the effects under study are expected to be most pronounced in this case (as compared to the case where only one molecule is anisotro-pic). The problem is studied within the MRH both analytically (using the method of local analysis) and numerically (via Brownian dynamics simulations). To focus on the effects of molecular shape, we assume that there is no interaction potential. Nonspherical shape of the molecules near the RCs is modeled by reflective hemispheres of small radii (much smaller than the size of the molecules), with the RCs located on top of these hemispheres. This is a step toward real molecular geometry. The influence of the shape of the reaction regions (particularly, the thickness) is analyzed in the model of reactive cylinders (MRC), which is similar to the MRH but with hemispheres replaced by cylinders. Practically, this situation may be realized if a certain group of atoms served as the RCs. The height of the cylinder would then correspond to the reaction radius for one atom. Another example is electron transfer (through bonds) from a site buried within a molecule. On the basis of our analytical and numerical results, which have proven to be in quite a good agreement, we demonstrate that, first, local deviation of the molecular shape from the overall spherical can result in a significant change of the reaction rate and, second, even relatively small thickness of the reaction region can lead to a drastic acceleration of the reaction. Therefore, the MRP that assumes zero thickness of the reaction region may strongly underestimate the reaction rate.
THE MODEL OF REACTIVE HEMISPHERES
In this section, we present and briefly discuss the MRH as applied to spherical molecules, and consider the case where both reactants are anisotropic. The simpler case of one anisotropic molecule can be analyzed in a similar way. The general results obtained for spherical molecules will be used in our further discussion of the effect of nonsphericity.
The MRH, recently proposed and analyzed in detail (Shushin, 1986 (Shushin, , 1988a (Shushin, ,b, 1999 (Shushin, , 2000 assumes that a molecule ( ϭ A, B) is reactive within a certain distance l r from a point reactive center on its surface. The reaction occurs whenever the reactive hemispheres of two different molecules overlap or, equivalently, when the distance l between the reactive centers becomes smaller than l r ϭ l r A ϩ l r B .
Here we consider the limit of strong anisotropy, where l r Ͻ Ͻ R (R denotes the radii of the molecules A and B), as the most interesting. Practically, one always has to deal with strong anisotropy of reactivity as far as large molecules are concerned (biomolecules, polymers, etc.). In this limit, the powerful method of local analysis can be applied. Because the details of the derivation have been thoroughly considered in a number of articles (Shushin, 1988a (Shushin, , 1999 (Shushin, , 2000 , here we restrict ourselves to an outline of the method and present only the final analytical expression for the case of two spherical molecules with anisotropic reactivity, which is to be compared with the new results.
In the method of local analysis, one considers relative diffusive motion of the molecules in close vicinity of the reactive orientations, where the system configuration can be represented as a point in five-dimensional space ᏹ 5 of Cartesian coordinates. These coordinates are the normalized distance between the surfaces of the molecules, x N , and the angular deviations of the reactive centers from the intermolecular axis r, i.e., the normalized projection vectors x of the reactive centers onto the plane perpendicular to r,
as shown in Fig. 1 
In the MRH, the shape of the reaction region S r is determined by the condition that the distance l between the reactive centers is equal to the reaction radius, l ϭ l r ϵ l r A ϩ l r B ,
where r ϭ l r /R and ϭ R /R. In the limit of strong anisotropy of reactivity ( r Ͻ Ͻ 1), a convenient approximate expression for S r can be obtained in coordinates
where ⌬ ϭ ͌ A 2 ϩ B 2 . We have
Analysis of this expression shows that the shape of S r is close to ellipsoidal with semiaxes 1 ϭ r /⌬, 2 ϭ ⌬ ͱ2 r /͑ A B ͒, and N ϭ r . The diffusion matrix in X-coordinates is nondiagonal with the following diagonal elements:
where D is the relative translational and D r are the rotational diffusion coefficients. It can be rigorously shown that nondiagonal elements only weakly affect the absolute value of the reaction rate and thus can be neglected (Shushin, 2000) . The limit of strong anisotropy corresponds to r Ͻ Ͻ 1, and thus 2 Ͼ Ͼ 1 , N . Therefore, one can use the so-called adiabatic approximation and neglect the effect of diffusion along the coordinates X 2 , i.e., put D 22 ϭ 0 (Shushin, 1988a (Shushin, , 1999 . By further assuming, for simplicity, that the reaction region S r is spherical in the subspace {X 1 , X N } with the radius ϭ r Ϸ 1 (this approximation leads to a minor underestimation of the rate) one finally obtains for the steric factor (Shushin, 1988a (Shushin, , 1999 (Shushin, , 2000 .
where
Eq. 11 predicts the principally different dependence of the reaction rate on the size of the reactive sites than the MRP.
In the MRP, one has f ϳ l r 3 for equal reactive sites, whereas f ϳ l r 2 in the MRH. Hence, the MRP rates are much smaller than the MRH rates for the same radii of the reactive regions. Comparison with the Brownian dynamics simulation results has demonstrated a very good accuracy of Eq. 11 even beyond the strict limit of strong anisotropy (Barzykin and Shushin, 2001) .
THE MODELS OF NONSPHERICAL MOLECULAR SHAPE

The model of small reflective hemispheres
Assume that there are impenetrable hemispheres of radii l ( ϭ A, B) on the surfaces of otherwise spherical molecules and that the RCs are located on top of these hemispheres, as illustrated in Fig. 2 . Simple estimation shows that, for small radii, l Ͻ 0.4R , the effect of these reflecting hemispheres on average geometric parameters of the molecules (i.e., average radii, etc.) is fairly small (about a few percent), and the anisotropy of rotational and translational diffusion coefficients can be neglected. In our further calculations, we will take the diffusion coefficients as equal to those for spherical molecules of radii R . The model of reflecting hemispheres, however simplified it is, allows us to analyze the effect of local molecular geometry in the vicinity of the RCs on the diffusion-controlled reaction rate. The problem reduces to finding the shape of the reaction region S r . It is impossible to determine S r for any relation between l and l r , the reaction radius. Therefore, in what follows we will consider two limits: l Ͼ Ͼ l r and l Ͻ Ͻ l r , and then bridge between these limits by a simple interpolation formula.
The case l Ͼ Ͼ l r
In the limit of relatively large reflective hemispheres, l Ͼ Ͼ l r (but l Ͻ Ͻ R ), the reaction rate is determined by the local (small x ) shape of their contact surface S h which can be written as (compare with Eq. 2)
The expression for the reaction region S r will be similar to Eq. 2, but with the parameters corresponding to the centers of the reflecting hemispheres, , R , and R, replaced by those for the reaction centers, , L , and L, i.e.,
One should also take into account that, given a large curvature of the contact surface S h (Eq. 13), the height x N ϭ (r Ϫ L)/L of the reaction region S r (i.e., the distance between the RCs along the axis r) is effectively decreased by
Schematic picture of the model of reflective hemispheres.
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Thus, the formula for the reaction region S r can be written in the form
where r ϭ l r /L ϭ r /(1 ϩ h ) and
Similar to the case of spherical molecules (see the preceding section), a convenient and quite accurate approximate expression for S r in the limit of small r Ͻ Ͻ h can be obtained in coordinates
Calculation similar to that leading to Eq. 11 gives for the steric factor,
Taking into account that, in the considered limit of l Ͻ Ͻ R , one can take ␦ h Ϸ ␦, the steric factor f h can be conveniently represented in the simple form,
where f 0 is the steric factor for spherical molecules (without reflective hemispheres, see Eq. 11) and ϭ l /R . Formula 26 shows that for l ϳ l Ͻ Ͻ R ϳ R the rate constant is determined by the local curvature radii in the vicinity of the RCs and thus it is increased by a factor of f h /f 0 ϳ R/l Ͼ Ͼ 1 due to the presence of the reflective hemispheres, in agreement with general predictions (Shushin, 1999 (Shushin, , 2000 .
The case l Ͻ Ͻ l r For small radii of the reflective hemispheres, ϭ l h /l r Ͻ Ͻ 1, their shape is of no consequence, because the reactive hemispheres will overlap before the reflective hemispheres can make contact. What matters is that the position of the RCs with respect to the spherical surface of the molecules is effectively raised by l . The size x N ϭ (r Ϫ R)/R of the reaction surface S r along the axis r is, therefore, increased by l h ϭ l A ϩ l B , so that the shape of S r is determined as
where X j are defined in Eqs. 3-5. As a result, the height h r of the reaction region and the characteristic size ⌳ 2 in the subspace {X 2 } are also increased,
where h r 0 ϭ r and ⌳ 2 0 ϭ ⌬ ͌ 2 r /( A B ) are the corresponding parameters in the absence of the reflective hemispheres.
We recall that in the MRP, S r is of an ellipsoid-like shape with small dimensions ϳl r in the 3D subspace {X 1 , X N } and large dimensions ⌳ 2 ϳ ͌ Rl r Ͼ Ͼ l r in the 2D subspace {X 2 }. According to the predictions of the adiabatic approximation applied in this limit (Shushin, 1988a (Shushin, , 1999 (Shushin, , 2000 , the reaction rate constant K is given by the rate in the 3Dsubspace, K 3 ϳ l r , integrated over the area of S r in the 2D-subspace, ϳ⌳ 2 2 , i.e., K ϳ K 3 ⌳ 2 2 . The increase of the height h r results in the approximately spheroidal shape of S r in the 3D subspace. This spheroidal distortion leads to the following change of the reaction rate in this subspace:
where K 3 0 is the rate in the absence of the reflective hemispheres. Taking Eq. 29 into account, we finally obtain
The case l ϳ l r
The limiting formulas 26 and 31 predict two opposite tendencies in the behavior of the steric factor as a function of . Therefore, there should be an extremum. One can combine Eqs. 26 and 31 into a standard interpolation type of expression
which is expected to give reasonable accuracy for any relation between l and l r . The optimal value of the power n can be chosen by comparing Eq. 32 with numerical results. As n increases, the maximum of () becomes more sharp and ultimately assumes an edge-like shape in the limit of n 3 ϱ. However, semiquantitative estimation of the value of ϭ f h /f 0 at the maximum (i.e., the maximum effect of the reflective hemispheres), can be made without the interpolation formula 32. To demonstrate the main features of the function (), let us consider the case of identical molecules: R A ϭ R B ϭ R/2, l A ϭ l B ϭ l h /2. The maximum ϭ m is observed at h ϭ m for which Ͻ ϭ Ͼ , i.e., 1 ϩ 2 m / r ϭ 1/ m . This relation yields m ϭ 2/(1 ϩ ͌ 1 ϩ 8/ r ) and thus m ϭ 1/ m ϭ 1 ⁄2 (1 ϩ ͌ 1 ϩ 8/ r ). In the considered limit of r Ͻ Ͻ 1, the maximum value is given by m Ϸ ͌ 2/ r Ͼ Ͼ 1.
Numerical results
To test the conclusions of our analytical analysis, we have performed Brownian dynamics simulations using a method described in detail elsewhere (Barzykin and Shushin, 2001) . Briefly, the method takes advantage of the exact asymptotic formula for the long-time behavior of the pair survival probability S(t) (Shushin, 1988a (Shushin, , 1999 ,
that is valid for t Ͼ Ͼ R 2 /D for any model of anisotropic reactivity, any shape of molecules, and any model of relative diffusion (except for the case where rotations of both molecules are frozen). The parameter S(ϱ) defines the total escape probability and depends on the initial condition. Numerically, we initiated the trajectories near the reaction region and then moved the molecules using standard Brownian dynamics algorithms (Ermak and McCammon, 1978; Kim and Lee, 1990) . The trajectories were terminated either when the reaction criteria were satisfied (when the reaction hemispheres overlapped) or when a sufficiently large cutoff time was exceeded. After a sufficiently large number of trajectories were run, the asymptotic decay kinetics of the resulting average survival probability was fit to Eq. 33. For illustration, we consider identical molecules with R A ϭ R B ϭ R/2 and l A ϭ l B ϭ l h /2, and assume that friction is of Stokes type, i.e., D r A R A 2 /D ϭ D r B R B 2 /D ϭ 0.375. We do not have to specify the reaction radii for each molecule because, in the MRH, the reactivity depends only on l r . Figure 3 presents the simulation results for the steric factor as a function of the normalized reaction radius on a log-log plot for different radii of the reflective hemispheres. All the predicted tendencies are clearly observed, namely: the reaction rate in the presence of the reflective hemispheres is considerably larger than that for spherical molecules, and the rate decreases as the radii of the reflective hemispheres are increased for small l r and vice versa for large l r . Figure  4 demonstrates that there is indeed a maximum in the reaction rate as a function of l h . The limiting expressions 26 and 31 prove to be sufficiently accurate, and Eq. 32 with n ϭ 2 provides a reasonable interpolation. Simple analytical estimations of the position of the maximum and the value of the maximum steric factor, as discussed in the preceding section, are in good agreement with simulations: we obtain m Ϸ 0.14, f m Ϸ 0.014 for r ϭ 0.04 and m Ϸ 0.22, f m Ϸ 0.052 for r ϭ 0.1 (see Fig. 4 for comparison) .
As one can see, the effect of nonsphericity can be quite significant, in accord with earlier predictions (Shushin, 1999, 2000) . It is local molecular geometry in the vicinity of the RCs that plays a crucial role in this effect.
The model of reactive cylinders
The conventional MRP can be regarded as the limit where a group of atoms or molecular fragments function as the RCs and the characteristic size of this group is much larger than the reaction radius for an individual atom. In other words, the thickness of the reaction region is negligibly small. We have seen, for the case of one RC, that the distance-dependent nature of reactive interactions, which is at the heart of the MRH, leads to a profound increase of the diffusion-controlled reaction rate (Shushin, 1986 (Shushin, , 1988a (Shushin, ,b, 1999 (Shushin, , 2000 Barzykin and Shushin, 2001) . Therefore, it is not obvious whether this effect can indeed be neglected even if there are many RCs.
To illustrate the effect of thickness of the reaction region, we introduce the MRC, i.e., the reactive sites on the surfaces of molecules are assumed to have conic shape with circular bases of angular radii and heights l r ( ϭ A, B) , as shown in Fig. 5 . Strictly speaking, these regions are not actually cylinders, but, in the considered limit of strong anisotropy of reactivity (i.e., small angular sizes, Ͻ Ͻ 1), the difference of the shape from cylindrical is negligibly small. It is clear that, for l r ϭ 0, the MRC reduces to the conventional MRP.
The shape of the reaction region S r in the 5D-space ᏹ 5 {x A , x B , x N } corresponding to this simple model is fairly complicated. However, as discussed in the Appendix, it is relatively smooth and can be approximated by a semiellipsoid (x N Յ 0) shown in Fig. 6 , which reduces to the circumscribed one for l r ϭ 0 (i.e., in the limit of reactive patches). In general, the expressions for the angles of orientation of this semi-ellipsoid and its semi-axes lengths are cumbersome. For illustration of the specific features of the reaction rate dependence on the thickness of the reaction regions, it is sufficient to consider the case of identical molecules:
Approximate ellipsoidal shape of S r can then be represented as
where r ϭ l r /R, ⌳ 1 ϭ ͱ 4 2, ⌳ 2 ϭ ͱ 4 2 ϩ ͱ2, (35) and ϭ arccos[R/(R ϩ l r )] Ϸ ͌ 2 r . Here we used an effective value of the angular radius, eff ϭ /ͱ 4 2, which is given by the geometric mean of the radii of circumscribed and inscribed circles. Such an approximation is justified for l r Ͻ . Diagonal elements of the diffusion matrix in (X 1 , X 2 , X N )-coordinates are given by
Nondiagonal elements of this matrix do not affect the reaction and can be neglected, as before. Using Eqs. 34 -36 and the expressions derived earlier (Shushin, 1988a) , one can calculate the reaction rate K 5 in the 5D-space ᏹ 5 {X 1 , X 2 , X N },
where with
The observed reaction rate K is proportional to K 5 , and so is the steric factor f c . We finally obtain,
where f 0 refers to the MRP for patches of angular radii , and a j0 ϭ a j (l r ϭ 0) ϭ ͌ 4 2 (D N /D jj ) 1/2 . Eq. 40 is our main result for the MRC.
Numerical results
As for the model of reflective hemispheres, we consider the reaction between identical molecules and assume that friction is of Stokes type, i.e., D r A R A 2 /D ϭ D r B R B 2 /D ϭ 0.375. We fix the base radii of the reactive quasicylinders and vary their height. The simulation scheme is the same. Figure  7 shows that the reaction rate increases rapidly as the thickness of the reaction regions is increased. For the parameters chosen ( Ӎ 0.1), the MRC rate becomes an order of magnitude larger than the MRP rate already for fairly small relative values of the cylinder height, d ϭ r / ϳ 0.2. The steric factor for the MRC with the height equal to the radius of the base (d Ӎ 1) should be similar to (a little larger than) that for the MRH. This is indeed what we observe in simulations.
Theoretical estimations are in good agreement with the simulation results. The rate is somewhat underestimated and the discrepancy grows with l r . This is understandable because, as l r is increased, the shape of the reaction regions deviates more and more from cylindrical. Despite the fact that the MRC should rather be considered as a semiquantitative model, Eq. 40 is expected to reproduce the dependence of the reaction rate on the reaction region thickness quite accurately. Simple analysis of Eq. 40 shows that, if we try to expand f c in power series of r , the relevant parameter that will appear is ͌ r / ϭ ͌ d/ (at least for the first two terms). Because itself is a small parameter, the rate will increase rapidly with d.
CONCLUDING REMARKS
We have analyzed in detail the role of distance-dependent anisotropic reactivity and molecular geometry in the vicinity of localized reaction centers in influencing the rate of bimolecular diffusion-controlled reactions.
We have shown that local molecular shape is of critical significance. High local curvature may lead to a markedly large increase of the reaction rate with respect to that calculated using average molecular parameters. We have already demonstrated in our previous works (Shushin, 1999 (Shushin, , 2000 Barzykin and Shushin, 2001 ) that the conventional MRP considerably underestimates the reaction rate if the RCs are strongly localized (point RCs). For example, the rate predicted by the MRP is about 50 times larger than the MRH rate for the same angular size of the reaction regions, ϭ 0.1. The neglect of the local nonspherical shape of molecules may lead, according to our results, to an additional underestimation of the rate of about 3-4 times, so that, in total, the error of the conventional MRP can be as large as about 200 times(!) and even larger for smaller relative size of the reaction regions.
We have confirmed that, in the limit of strong anisotropy of reactivity, the thickness of the reaction regions is also of crucial importance and leads to a considerable acceleration of the reaction even when it is much smaller than the angular size. The conventional model of reactive patches, which assumes zero thickness of the reaction region, may thus strongly underestimate the rate even if the RCs are not localized. For example, a relatively small thickness, five times smaller than the angular size , results in as much as an order of magnitude increase of the reaction rate for ϭ 0.1, with respect to the rate predicted by the MRP. Similar effects have been discussed within the model of buried point RCs (Shushin, 2000) . We may conclude that, in general, the distance-dependent nature of reactive interactions is responsible for a significant rate enhancement as compared to contact diffusion-controlled reaction models, particularly in the limit of strong anisotropy of reactivity.
Note that ϭ 0.1 is quite a typical value for proteins. For example, ϭ 3°Ӎ 0.05 is quoted for barnase and bastar (Vijayakumar et al., 1998) , ϭ 5°Ӎ 0.09 for ferricytochrome c and ferrocytochrome b 5 (Eltis et al., 1991) . Association rate contants up to ϳ5 ϫ 10 9 M Ϫ1 s Ϫ1 have been measured for these (Eltis et al., 1991; Fersht, 1993, 1996) and many other protein complexes (Wallis et al., 1995; Wendt et al., 1997) , which is as much as four orders of magnitude larger than is expected from the MRP. Such incredibly high values have been attributed mainly to favorable electrostatic interactions between the associated proteins, as revealed by an experimentally observed (Eltis et al., 1991; Fersht, 1993, 1996; Wallis et al., 1995; Wendt et al., 1997) and theoretically confirmed (Eltis et al., 1991; Schreiber and Fersht, 1996; Gabdoulline and Wade, 1997; Vijayakumar et al., 1998) considerable decrease in the association rate constant with increasing ionic strength of the solution. However, additional effects can be due to long-range reactive interactions and local molecular shape, as discussed in this paper. For example, the hardsphere radius of cytochrome c is 16.6 Å and thus the radius of the reactive patch on its surface is approximately 16.6 Å ϫ 0.09 Ӎ 1.5 Å, which is not much larger than a typical electron transfer distance of 0.83 Å for these types of systems (Eltis et al., 1991) and comparable to a typical atomic radius. Given these parameters, we may expect two orders of magnitude increase in the association rate constant over the predictions of the MRP model solely due to the long-range nature of reactive interactions (electron transfer in this case) and the effect of local molecular shape. Detailed comparison of the relative contribution of electrostatic and reactive interactions to the overall enhancement of the protein-protein association rate requires a separate study, which is currently underway.
APPENDIX: THE SHAPE OF S r IN THE MRC
The shape of the reaction region S r in the 5D-space ᏹ 5 {x A , x B , x N } corresponding to the relatively simple model of reactive cylinders is fairly complicated. Its projection into the space {x A , x B } is schematically shown in Fig. 6 for the case of identical molecules. Some additional ideas on the shape of S r can be gained by taking into account that, at small x Ͻ , i.e., for x N ϭ l r , it coincides with that for conventional reactive patches (of zero height). Recall that, in the MRP, S r in ᏹ 5 is a 5D-cylinder with circular shape in the subspaces {x }. Its projection into the space {x A , x B } is a rectangle (unshaded rectangle at the origin in Fig. 6 ). It should also be noted that, for relatively large x Ͼ , the region S r can be qualitatively thought of as a figure created by displacing the above-mentioned MRP region along the coordinate X 2 with the height monotonically decreasing with increasing X 2 : l r (X 2 ) Ϸ l r Ϫ ( 1 ⁄2 A B /⌬ 2 )X 2 2 (see Eq. 6). This fact can be understood as follows. By definition, the coordinate X 2 determines the position of patches by each other (for X 1 ϭ 0), when the vector of relative position of the patch centers is parallel to the axis r. The central points of the upper bases of cylinders lose contact just for l r ϩ ( 1 ⁄2 A B /⌬ 2 )X 2 2 ϭ l r . The shade lines parallel to x A and x B in Fig. 6 indicate that the corresponding cross-section of S r is similar to that for the MRP-region located near the origin (i.e., at x A ϭ x B ϭ 0). The same can be said about the shape of S r near the edges where l r ϭ 0.
The main goal of this fairly detailed discussion of the shape was to demonstrate that the reaction region S r is relatively smooth. This is the only thing we need to know about the shape in addition to the sizes of S r along different axes, because, in reality, it is impossible to solve the diffusion equation with the absorption boundary condition on S r of this shape. This is why, for semiquantitative description, we approximate S r by a semiellipsoid (x N Յ 0) shown in Fig. 6 , which reduces to the circumscribed one for l r ϭ 0 (i.e., in the limit of reactive patches).
